Abstract. Let d > 1 be an integer. In 1986, Shen defined a class of weight modules F α b (V ) over the Witt algebra W d for α ∈ C d , b ∈ C, and an irreducible module V over the special linear Lie algebra sl d . In 1996, Eswara Rao determined the necessary and sufficient conditions for these modules to be irreducible when V is finite dimensional. In this note, we will determine the necessary and sufficient conditions for all these modules F α b (V ) to be irreducible where V is not necessarily finite dimensional. Therefore we obtain a lot of irreducible W d -modules with infinite dimensional weight spaces.
Introduction
We denote by Z, Z + , N and C the sets of all integers, nonnegative integers, positive integers and complex numbers, respectively. Let d > 1 be an integer.
Representation theory for infinite-dimensional Lie algebras has been attracting extensive attentions of many mathematicians and physicists. These Lie algebras include the Witt algebras W d which is the derivation algebra of the Laurent polynomial algebra
The algebra W d is a natural higher rank generalization of the Virasoro algebra, which has many applications to different branches of mathematics and physics (see [M, L1, L2, L3, L4, L5] ) and at the same time a much more complicated representation theory.
The weight representation theory of Witt algebras was recently studied by many experts; see [B, E1, E2, BMZ, GLZ, L3, L4, L5, MZ2, Z] . In 1986, Shen defined a class of modules F α b (V ) over the Witt algebra W d for α ∈ C d , b ∈ C, and an irreducible module V over the special linear Lie algebra sl d , see [Sh] , which were also given by Larsson in 1992, see [L3] . In 1996, Eswara Rao determined the necessary and sufficient conditions for these modules to be irreducible when V is finite dimensional, see [E1] . A simplified proof was given in [GZ] . It is natural to study the irreducibility of these modules F α b (V ) when V is infinite dimensional. This is what the present paper will do. In this manner we obtain a lot of irreducible modules over the Witt algebra W d with infinite dimensional weight spaces.
We have to mention the remarkable work by Billig and Futorny [BF] in which they proved very recently that irreducible modules for W d with finite-dimensional weight spaces fall in two classes: (1) modules of the highest weight type and (2) irreducible modules from F α b (V ). So the next task in representation theory of Witt algebras is to study irreducible modules over the Witt algebra W d with infinite dimensional weight spaces, and irreducible non-weight modules. This is the second reason of this paper.
For irreducible weight modules (not necessary with finite dimensional weight spaces) over W d , all weight sets were explicitly determined in [MZ2] , while some non-weight irreducible W d -modules were constructed in [TZ] .
In this paper we actually prove that, for any infinite dimensional
is always irreducible, see Theorem 2.4. We also determine the necessary and sufficient conditions for two W d -module F α b (V ) to be isomorphic, see Theorem 2.6. The main trick we employed in our proof is a characterization of finite dimensional irreducible modules over sl d , see Lemma 2.3, which makes the proof very short, and very different from that for finite dimensional irreducible sl d -module V , see [E1, GZ] .
Note that F α b (V ) are polynomial modules in the sense of [BB, BZ] . 
where w = (u|s)v − (v|r)u. Note that for any u, v, z, y ∈ C d , both uv T and xy T are d × d matrices, and
2.2. Defining W d -modules. Let us first recall Shen's Witt modules from [Sh] . For any α ∈ C d , b ∈ C and gl d -module V on which the identity matrix acts as the scalar b, let
where
It is easy to see that the module F α b (V ) obtained from any V is always a weight module over W d . When V is finite dimensional, the following Theorem was given by Eswara Rao, see [E2] or [GZ] . 
+ . Now we need the following characterization on finite dimensional irreducible sl d -modules.
l2 Lemma 2.3. Let V be an irreducible sl d -module(not necessarily weight module).
(1) For any i, j : 1 i = j d, E ij acts injectively or locally nilpotently on V .
(2) The module V is finite dimensional iff E ij acts locally nilpotently on V for any i, j : 1 i = j d.
Proof. (1)
. If E ij is not injective on V , then E ij v = 0 for some nonzero vector v in V . It is known that adE ij is locally nilpotent on the universal enveloping algebra U(sl d ) of sl d . This means that, for any
for sufficiently large k. Since V is irreducible, V = U(sl d )v. Thus E ij acts locally nilpotently on V .
(2). If V is finite dimensional, clearly E ij acts locally nilpotently on V for any i, j : 1 i = j d. Now suppose that E ij acts locally nilpotently on V for any i, j : 1 i = j d. By the condition that E ij acts locally nilpotently on V for any i, j ∈ Z with 1 i < j d and using Theorem 1 in [MZ1] , we see that V is a highest weight module. By the condition that E ij acts locally nilpotently on V for any i, j ∈ Z with 1 j < i d and using the same Theorem, we can see that V is a lowest weight module. Thus V is finite dimensional. Now we are ready to prove our main result in this paper.
Theorem 2.4. Let V be an infinite dimensional irreducible module over gl d on which the identity matrix acts as a scalar
Proof. From Lemma 2.3 we know that the action E st on V is injective for some s, t : 
which is a polynomial in n i , u j , 1 i, j d with coefficients in End(V ).
By the fact that the action E st on V is injective, we see that W * = 0. Claim 1 follows.
Considering the coefficient of n i u j in the right hand of the last equality and using Lemma 2.2 again, we know that E ij v ∈ W m for all m ∈ Z d and i, j : 1 i, j d. This implies that E ij v ∈ W * for all v ∈ W * and i, j : 1 i, j d. Therefore W * is a gl d -submodule of V . By Claim 1 and Claim 2, we deduce that
Combining Theorem 2.4 and Theorem 2.1, we obtain the following: 
Then for each β ∈ C, the polynomial algebra C[h 1 , . . . , h d−1 ] is an irreducible sl d -module under the action
is an irreducible weight W d -module with infinite dimensional weight spaces.
Finally, we can consider the isomorphism between two modules described above. for all n ∈ Z d , u ∈ C d . Comparing the coefficient of n i u j on both sides of the formula (2.2), we know that σ(E ij v) = E ij σ(v) for any v ∈ V ′ and 1 i, j d. Therefore V ∼ = V ′ as gl d -modules.
